We study the discrete Schrödinger operator H in Z d with the surface quasi periodic potential V (x) = gδ(x 1 ) tan π(α · x 2 + ω), where x = (x 1 , x 2 ),
Introduction
This paper is in the framework of problems discussed in [10] and later in [13] , [4] - [9] . The problems concern spectral and related properties of differential and finitedifference operators either defined on the half-space by mean of random, almost periodic or periodic boundary condition or having the same type of coefficients supported on hyper-planes R d 2 or Z d 2 of the spaces R d or Z d . In particular in [13] the discrete Schrödinger operator H, acting in l 2 (Z d ) and having the "surface" potential V (x) = gδ(x 1 ) tan π(α·x 2 +ω), x = (x 1 , x 2 ),
X-1 was considered. It was shown that for any g = 0, ω ∈ [0, 1), and for α ∈ R d 2 verifying the Diophantine condition:
|α · x 2 − m| ≥ const./|x 2 | d 2 + , > 0, x 2 ∈ Z d 2 \ {0}, m ∈ Z, (1.2) the spectrum of H = H 0 + V , lying outside the spectrum [−d, d] of the discrete Laplacian H 0 , is pure point, dense, of multiplicity one and the respective eigenfunctions decay exponentially at infinity. The "volume" version of this operator corresponding, to the case d 1 = 0, has been studied in [2, 19, 15] . It can be viewed as a simple explicitly soluble model of a quasi periodic discrete Schrödinger operator in the strong localization regime. The operator has a complete system of exponentially decaying eigenfunctions, corresponding to the pure point dense spectrum of multiplicity one occupying the whole spectral axis.
In this paper, we study the absolutely continuous spectrum of H, i.e. the part of the spectrum complementary to that considered in [13] . This part of the spectrum was already studied in [6] in the context of the boundary value problem defined by (1.1) with x 1 = 0 (see formula (3.2) below). It was proven that if the vector α ∈ R d 2 has rationally independent components, then the lying in [−d, d] spectrum of the boundary value problem is purely absolutely continuous, and that the suitably defined wave operators for the pair exist and are complete. Besides, it was proven in [9] that in this case the surfaces states (see [10, 9] for definitions) are absent.
We first present a rather transparent proofs of the absolute continuity of the
and of the completeness of the wave operators Ω ± for the pair (H, H 0 ). Then we find a complete and orthonormal system of generalized eigenfunctions Ψ ± (x, k), x ∈ Z d , k ∈ T d (see formula (3.6)), having a "Sommerfeld-like" form of the sum of the incident plane wave of the unit amplitude and of the reflected waves and we prove that Ψ ± (x, k) are the kernels of the wave operators Ω ± .
We report also certain results on the periodic two-dimensional case d 1 = d 2 = 1, i.e. for α = p/q, p, q ∈ Z 1 . In particular, we find the surface states and study their certain properties.
Generalities
Recall that we are studying the self-adjoint operator H, acting on l 2 (Z d ) and having the form
where
is a discrete Laplacian, and V is defined in (1.1). We will use now an analogue of the Cayley transform introduced in [2] in the case of the "volume" potential (1.1) (d 1 = 0) and in [13] in the "surface" case (d 1 = 1), in both cases to study the pure point spectrum for the Diophantine α s (see (1.2)).
X-2
To put the subsequent simple argument in a general context, we rewrite the potential (1.1) as follows:
where χ S is the indicator of the subspace S = Z d 2 , and we assume that g > 0 (the case g < 0 can be treated analogously). χ S can be regarded as the matrix of the orthogonal projection onto the subspace of l 2 (Z d ) of functions having the support in S. Denote respective projection P S and write the potential (2.3) as follows:
Recall the well known formulas for the resolvent G(z) = (H − z) −1 of a pair of selfadjoint operators (H, H 0 ):
In our case of the potential of the form (2.3) the operator T (z):
where the operator
Denote by u the unitary operator on l 2 (S) defined as:
We will also need the Fourier transform which we define as follows. For any function (any sequence) Φ ∈ l 2 (Z ν ), ν ≥ 1, we set
Then we have
By using the Fourier transform, we can write the following representation of the Green function G
These formulas allow us to define the following operators on l 2 (S): 14) and to prove that: 
where σ = e −2iπω and q ≥ 1 is an integer.
Proof. By using the Euler formula for the function x → tan(x) and the notations introduced above, we obtain that: 19) where σ = e −2iπω , q ≥ 1 is an integer, and operators G 0 (z), γ 0 (z), u, and b(z) are defined in (2.6) , (2.9) and in (2.14) .
Proof. The proposition follows easily from (2.5) , Lemma 2.1 and from bound (2.15). Remark. Integrate formula (2.19) with respect to ω ∈ [0, 1) and denote this operation by · · · . We obtain:
In view of the general formula t(z)
as the fact that G(z) is the resolvent of the Schrödinger operator whose surface potential is the complex constant −ig. Similar fact is known in the case of the volume potential (2.4) , i.e. for the case S = Z d [2, 19] . We will obtain now a useful representation for the Green function G(x, y; z) :
Lemma 2.2. Let b(z) and u be the operators defined in (2.14) and (2.9). Then for any integer
Proof. We first note that the operator γ 0 (z) of (2.14) acts on
depends only on the difference (x 2 − y 2 ) and in view of (2.12) is,
). This and (2.14) imply that the operator b(z) also has the matrix depending on the difference (x 2 − y 2 ), thus it is the multiplication operator byb(k 2 ; z) of (2.21) after the Fourier transformation. Besides, it follows from (2.9 that after the Fourier transformation the operator u is the shift by α i.e.
The above facts imply
Theorem 2.1. Let H be the operator defined by (2.1), (2.2) and (1.1). Then the Green function
is given by the formula:
where t m (k 2 ; z) is defined by (2.14) and in (2.21) .
Besides, the (generalized) kernel of the operator T of (2.5) and of Lemma 2.1 in the momentum representation has the form:
27)
where t m (k 2 ; z) is defined in (2.26) . In particular, the kernel is independent of the components
Proof. According to (2.15), b(z) < 1 if z = 0. Hence we can write the operator (1 − σbu) −1 in (2.16) for q = 1 as the Neumann-Liouville series in power of σbu. Applying to the each term of the series inequality (2.15), we get (2.25) after a simple algebra. Formula (2.27) follows from (2.5) and (2.25).
Remark. Formulas (2.25) and (2.27) have to be compared with the formulas for respective quantities in the cases of the point potential V (x) = vδ(x), (d 2 = 0) and of the constant surface potential V (x) = vδ(x 1 ), v = const. In the first case we have:
and
while in the second case:
Formulas (2.25) and (2.27) are the basic tools of spectral and scattering analysis of the operator (2.1) presented in this paper. An advantage of the formulas is that they are valid for all values of the spectral parameter z = E + iε, up to the real values z = E ±i0, |E| < d in the case of irrational α's (quasi-periodic in x 2 potential (1.1)), and for all E ∈ R in the case of rational α's (periodic in x 2 potential (1.1)). We discuss these cases in Sections 2 and 3 respectively.
Quasi Periodic Case
In this section we assume that the vector α ∈ R d 2 from (1.1) has rationally independent components, i.e. the relation α 1 r 1 + · · · + α d 2 r d 2 = 0 with rational coefficients r 1 , . . . , r d 2 implies that all these coefficients are zero.
Besides, we restrict ourselves to the interval [−d, d] of the spectral axis. We first prove 
1). Then its spectrum σ(H) contains the interval
The proof is a direct application of the H. Weyl criterion. 
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The proof of the theorem is based on Theorem 2.1, and on the relation
valid uniformly in k 2 ∈ T d 2 (see e.g [1] ). It can be shown that if |E| ≤ d − γ, γ > 0, then the integral in the r.h.s. is negative, and the product in the l.h.s. is exponentially decaying in m as m → ∞, implying the convergence of the series in (2.5). This reveals a fairly simple mathematical mechanism responsible for the absolutely continuous spectrum for the "subspace" potential (1. [2, 15] ). The mechanism is the positiveness of the imaginary part ofγ 0 (
. This is most transparent in the "genuine surface" case
is pure imaginary if |E| < 1 and is pure real if |E| ≥ 1, (see formula (3.13) below). In the latter case |b(q 2 ; E + i0))| = 1 and the series (2.25) diverges for a dense set of energies (see [2] ). This leads to the pure point spectrum everywhere outside of the spectrum σ(H 0 ) of the Laplacian (similarly to the volume case [2] , where the analogue ofγ 0 (k 2 ; E) in (2.21) is real for all E ∈ R and the whole spectrum is pure point). In the former case |b(k 2 ; E + i0))| is strictly less than 1 for any E ∈ (−d, d) on an open set of k 2 ∈ T d 2 , the series is convergent and the spectrum inside of σ(H 0 ) is pure absolutely continuous.
As usual in spectral theory involving the absolutely continuous spectrum and in scattering theory, a fact of primary interest is existence and completeness of wave operators Ω ∓ = s−lim t→∓∞ e itH 0 e −itH E 0 (∆), where E 0 is the resolution of identity of H 0 , and ∆ is an interval of the spectral axis. In the next theorem we prove existence and completeness of wave operators in our case.
We mention that in papers [4, 5, 6, 9] , the scattering theory was developed for the operator H 1 , acting in l
, and defined as:
2) for certain random and almost periodic v s. The operator can be viewed as defined by the boundary value problem for the discrete Laplacian in
. The "unperturbed" operator H 0 here is the discrete Dirichlet Laplacian, corresponding to v ≡ 0 in (3.2). The operator H 1 is closely related to our operator H of (2.1) for the surface case d 1 = 1, The proof combines a general argument of [9] , and Theorem 2.1.
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The next theorem presents an explicit form of the generalized eigenfunctions of the operator H on the interval (−d, d) in the case of rationally independent frequencies α 1 , . . . , α d 2 in (2.3). The proof of the theorem is based on formulas (2.25), and (2.26) for the Green function of the operator H, and on relation (3.1). by  (2.1), (2.2), and (1.1) . Set
Theorem 3.4. Let G(x, y : z) be the Green function of the operator H defined
Then, for z = E d (k) ∓ iε, the limits: 
Moreover, we have:
(i) Ψ ± (x, k) satisfy the Schrödinger equation:
(ii) Ψ ± are the unique solutions of the integral equations:
in the class of sequences {Ψ(x)} x∈Z d whose restrictions 
then for any two such functionsΦ (1) andΦ (2) we have: 
whereΦ is the Fourier transform of Φ.
Remarks. 1) Ψ ± (x, k) are analogous of the Sommerfeld solutions, known in the scattering theory (i.e. in the case of a potential decaying in all directions) and providing a complete set of generalized eigenfunctions in the part of the spectrum that coincides with the spectrum of the Laplacian [16, 18] . Likewise, (3.8) is an analogue of the Lippmann-Schwinger equation of scattering theory.
2) According to formula (3.6), Ψ ± (x, k) depends on the component x 2 ) via the product of e ik 2 ·x 2 and of a 1-periodic function of the argument αx 2 , i.e. of a quasi periodic function of x 2 ∈ Z d 2 . This fact is in agreement with the widely accepted in the spectral theory expectation, according to which generalized eigenfunctions of absolutely continuous spectrum of differential and finite difference operators with almost periodic coefficients have the "almost Floquet-Bloch" form of the product of the plane wave and of an almost periodic function with the same set of the Fourier frequencies as the coefficients.
3) According to (2.12)) the Green function G if |E| < ν and ν ≥ 2. In the one dimensional case G (1) 0 (x; E + i0) behaves as e iη(E)|x| for |E| < 1, where η(E) is a real valued function (see formula (3.13), and (3.14) below ). Since the expression
as well as outside of this interval as m varies, the Green function
entering the expression (3.6), may be exponentially decaying or slowly decaying as |x 1 | ν−1 2 . Hence, despite that in the quasi periodic case the surface state are absent (see [10, 9] for definitions of these generalized eigenfunctions), the "volume" generalized functions (3.6) contain both slowly decaying or even only oscillating in |x 1 | terms and exponentially decaying in |x 1 | terms. These terms can be interpreted as the waves reflected from the surfaces and propagating correspondingly inside the bulk and along the subspace Z d 2 , the support of the quasi-periodic perturbation (strongly corrugated quasi-periodic surface in the case d 1 = 1). In other words, we can write:
The scattering interpretation (3.12) of generalized eigenfunctions (3.6) allows us to introduce transmission and reflection amplitudes. Consider the simplest case of d 1 = 1 and recall that:
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and we use the branch of the logarithm that has the cut along the negative semi-axis and the branch of √ z 2 − 1 fixed by the condition
Combining these formulas and (3.6), we can present Ψ vol (x, k) for d 1 = 1 as
where m denotes the sum of those terms in (3.6) in which η m (k) := η(q m (k)) is real, and
Recall that the Sommerfeld solution in the one-dimensional scattering problem for the potential vδ(x 1 ),
and hence the quantities
are the transmission and the reflection amplitudes in this problem. This makes natural to view t 0 = 1 − Ψ 0 , r 0 = Ψ 0 as the transmission and the reflection amplitudes of the scattered by the surface potential (1.1) plane waves, propagating in direction (k 1 , k 2 ) of the incident wave and in the opposite direction, and to view Ψ m , m ≥ 1 as transmission and reflection coefficients of the scattered plane waves propagating in directions (η m , k 2 − mα) and (−η m , k 2 − mα) respectively. This interpretation of the solutions (3.6) is in agreement with the form of the scattering matrix S in our case. We use the general formula ( [16] , formula (4.2.30):
is defined in (2.5), E 0 is the resolution of identity of H 0 , and the limits have to be carried out in the following order: first ε 1 → 0, second ε 2 → 0. Formula (3.16) implies that for any sufficient smooth functionΦ(k):
where p and q are mutually simple integers and q ≥ 2. Our analysis is based on the formula (2.19) for the resolvent of H of (2.1), whose coordinate version is (cf (2.25)-(2.26)):
where t m (k 2 ; z) is equal to
0 (x 1 ; z) is the Green function (2.12) of the 1-dimensional Laplacian,γ 0 (k 2 ; z), andb(k 2 ; z) are defined in (2.14) and in (2.21), and
By using this formula, we show first that the spectrum of H is the set
If q is big enough, then the equation P q (k 2 , E) = 1 has q solutions:
, thus the second term in (4.5) consists of q components:
All the intervals ∆ l except possible the first one lie outside of the interval [−2, 2], their width is exponentially small in q and the distance between the neighbor ∆'s is of the order 1/q. Moreover, the intervals ∆ l tend in a natural sense to eigenvalues of the operator H with an irrational Diophantine α as p → ∞, q → ∞, p/q → α (recall that, according to [13] , for such α's the spectrum of H is pure point and dense). Next we show that the whole spectrum of H is purely absolute continuous. As for the generalized eigenfunctions, they can be divided in two families with respect to their dependence on x 1 . The first family consists of solutions of the Schrödinger equation, similar to the solutions (3.6). They are of the Floquet-Bloch form in x 2 with respective quasimomentum varying in the interval (0, 1/q] and are the plane waves in x 1 . These eigenfunctions correspond to the values of the spectral parameter belonging to [−d, d], i.e. to the first term in (4.5). We will call them the volume states and will denote them Ψ ± (x, k). The second family has no analogue in the X-12 quasi periodic case of the previous section. The family consists of the solutions that are of the Floquet-Bloch form in x 2 but decay exponentially in x 1 as x 1 → ∞. They correspond to the values of the spectral parameter belonging to the set (4.6), (4.7), i.e. to the second term in (4.5). We will call them the surface states and will denote them Ψ (s) ± (x, k 2 ). Likewise, the intervals ∆ l , l = 1, . . . , q will be called the surface bands.
The generalized eigenfunctions of both families are orthonormalized in the sense of relation (3.10) , and the union of the two families is complete, i.e. if for any Φ ∈ l 2 (Z 2 ) we setΦ 9) and if E is, as above, the resolution of identity of the operator H, then
As was mentioned above, there exists at most one band of surface states that intersects the interval [−2, 2], i.e. the spectrum of the two dimensional discrete Laplacian. This coexistence of the volume states and the surface states on the interval [−2, 2] is possible under rather special conditions on the parameters g and ω in the potential (1.1).
The results for the periodic surface potential are in agreement with those obtained for the continuous Schrödinger operator in dimensions 2 and 3 with the potential of the form of the sum of the point potentials whose centers are periodic on the line x 1 = 0, and on the plane x 1 = 0 [3, 11, 12] .
